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Semi-inclusive charged-current neutrino-nucleus reactions
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The general, universal formalism for semi-inclusive charged-current (anti)neutrino-nucleus reactions is
given for studies of any hadronic system, namely, either nuclei or the nucleon itself. The detailed
developments are presented with the former in mind and are further specialized to cases where the final-
state charged lepton and an ejected nucleon are presumed to be detected. General kinematics for such
processes are summarized, and then explicit expressions are developed for the leptonic and hadronic
tensors involved and for the corresponding responses according to the usual charge, longitudinal and
transverse projections, keeping finite the masses of all particles involved. In the case of the hadronic
responses, general symmetry principles are invoked to determine which contributions can occur. Finally,
the general leptonic-hadronic tensor contraction is given as well as the cross section for the process.

DOI: 10.1103/PhysRevD.90.013014

I. INTRODUCTION

Many of the ongoing experiments in charge-changing
neutrino scattering involve quasielastic scattering from light
to medium mass nuclei. An increasing number of these
experiments offer the possibility of studying semi-inclusive
charge-changing (CC) neutrino or antineutrino reactions,
namely, those where a final-state charged lepton and some
other particle are presumed to be detected in coincidence.
For example, in the ArgoNeuT [1] and MicroBooNE [2]
experiments protons, together with muons, are detected in
coincidence using argon time projection chambers. Using
standard nuclear physics notation such reactions would be
denoted X(v,, ¢~x) and X(Dy, £*x), where £ = e, p, or 7.
Here x can be any kinematically allowed particle, for
instance, y, a nucleon N = p or n, a deuteron d or triton
t, 3He, a, fission fragment, 7, K, and so on. The target X
may be a nucleus or the proton itself. All of these
possibilities are contained in the formalism that follows.
One should be clear that this notation indicates what is
presumed to be detected, not what is actually in the final
state. For example, if x = p, this means that one proton
is definitely in the final state; however, depending on the
kinematics chosen for the reaction, there may be
many open channels, a proton and a daughter nucleus
in some discrete state, two protons and a different nucleus in
some discrete state, a proton and a neutron and yet another
nucleus in some discrete state, etc. The semi-inclusive cross
section is then the sum or integral over all unobserved
particles, except the one that is presumed to be detected, in
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this example a proton. At a level lower, one has the inclusive
cross section where all particles for all open channels are to
be summed or integrated.

In the rest of the paper, to make things more specific and
to explore the present case of interest in the quasielastic
regime (CCQE), we focus on the specific case of a nuclear
target where a nucleon is the particle that is presumed to be
detected (x = N). Nevertheless it should be clear that
simply by changing the names of the particles involved,
all of the developments can immediately be used in any
other semi-inclusive study. Accordingly, we now consider
reactions of the type 4X(v,, ¢~ p)a~'Y, 4X (D, £Tn)4"1Y,
2X(ve, ¢ )37 Y and 2X(0,, €1 p)y=)Y. These are to be
viewed in the context of semi-inclusive electron scattering
reactions 4X (e, €'p)4~1Y and 4X (e, ¢'n)571Y. In the initial
state one has some nucleus X in its ground state with
mass number A and charge Z, while in the final state one
has a nuclear system Y with mass number A — 1 and the
charges indicated above. The latter daughter nucleus is not
presumed to be in its ground state, in general (although
this is one possibility when the system is stable to
nucleon emission), and may be in some discrete excited
state (if any exist), may be a granddaughter nucleus plus
two nucleons, and so on. All open channels are to be
considered, and we only require that the mass number and
charge be as indicated, together with the kinematical
information to be discussed in the following section.
Note also that of the four neutrino and antineutrino
reactions given above, the first two are in some sense

© 2014 American Physical Society
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“natural” in that the reactions in the CCQE regime are
at least dominated by the basic reactions on nucleons
in the target nucleus, namely, v, +n — ¢~ + p and
Uy + p — T + n, respectively. However, the third and
fourth reactions can occur in nuclei. On the one hand, the
final states involved are complex interacting many-body
states, involving, in general, coupled channels whenever
kinematically allowed. There may be several nucleons in
the final state, and it is possible that the one with the
“wrong” flavor is the one detected. In fact, for some
situations there may be no bound state reached for the
final nucleus, and one definitely has nucleons of both
flavors in the final state. On the other hand, while one
certainly has one-body -electroweak current operators
(those that act on a single nucleon), it is also clear that
two-body meson exchange currents (MEC) are present as
well. For instance, important contributions to MEC at
quasielastic kinematics are diagrams where two nucleons
interact with an exchanged W=, going through a virtual A
which in turn exchanges a pion between the two nucleons,
leaving two nucleons in the final state. Take, for example,
the third reaction above: if the two initial nucleons are an
nn pair in the nuclear ground state, one can absorb the
exchanged W', go through a A", exchange a z*, and
have an np pair in the final state where the neutron is the
particle detected in the third reaction (and the proton may
be the one detected in the first reaction). In the develop-
ments presented in the rest of this paper the formalism is
general enough to allow for MEC, no assumption is
required about which specific reaction is being consid-
ered, and only when applying these ideas with particular
modeling are the details required. All of the developments
are kept relativistic; i.e., no nonrelativistic approximations
are made, with one exception which will be discussed
later in this paper. All of the formalism may then be used
regardless of the energy scale, whether at relatively low
energies or, what is more typical, at high energies.

K'=¢ K" =¢
1

K' = —kk'sin@ K" = —kk'sin0
q q

K*=0 K?=0
1

K? = —k(k—K cos®) K?=——K(K -
q q

In the Ilaboratory system the incoming nuclear
target with mass MY carries four-momentum P4 =
(M%,O, 0,0). We assume that the final hadronic state
consists of a stripped nucleon and the remaining daughter
nucleus  with four-momenta Py = (Ey,py) and
Py = (Es_1.,pa_1), respectively. This A —1 daughter
system may be in its ground state or in some discrete
excited state, it may be an A — 2 granddaughter nucleus
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The paper is arranged in the following way: in the next
section the required basic kinematics are summarized. Here
we assume that the incident neutrino or antineutrino has a
given momentum, although in practical situations one
usually has to fold the answers with the appropriate
neutrino flux. In Sec. III we introduce the general electro-
weak leptonic and hadronic tensors. We use the notation
already employed in studies of electron scattering (see, for
instance, Refs. [3,4]), while in Secs. IIT A and III B the
details of these two tensors are further developed. In
Sec. IV the tensor contractions and semi-inclusive cross
section are presented, and finally, in Sec. V we summarize
the results of this study and indicate where we are presently
applying the formalism using specific models.

II. KINEMATICS

To describe the kinematics of the particles involved in
the process, we indicate four-vectors with capital letters
such as A* = (A% A!, A%, A3) and three-vectors with bold-
face lowercase letters such as a, with their magnitudes in
normal-faced font @ = |a|; the metric used, as in [5], yields
A-B=A,B"=A°B" —a-b (repeated indices summed).

The incident neutrino (or antineutrino) carries four-
momentum K* = (g,k), where &= Vk>+m? is the
total energy, k is the three-momentum, and m is the mass.
The outgoing charged lepton has four-momentum K =
(¢/,k’) and mass m’. The spacelike four-momentum of the
boson exchanged with the nuclear target is Q* = (w,q),
with —Q? = |Q?| = ¢* — @* > 0. We assume the three-
momentum ¢ to be along the 3-axis so that the incoming
and outgoing leptons define the 13-plane (see Fig. 1).
By defining the lepton scattering angle @ (i.e., the angle
between k and k'), the components of the incident and
outgoing leptons and exchanged boson four-momenta can
be written as

0'=0
0> =0
kcos0) Q3 = /K> + k? — 2kK cos6 = q. (1)

I

plus a nucleon, etc., and it has invariant mass W,_;. The
only assumption so far is that one nucleon is presumed to
be detected and so only final states with one or more
nucleons, at least one being of the appropriate flavor, are
being considered (see also below). Using the coordinate
system introduced above, where q lies along the z axis
and the leptons lie in the 13-plane, the total four-
momentum in the hadronic vertex is

013014-2
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13-plane

FIG. 1. neutrino-nucleus

reactions.

semi-inclusive

Kinematics for

PltlotEQﬂ‘i‘Pﬁ :Plli/'i'Pl/:—l = (P?OK’O’()’P?M)’ (2)
Py=M\+w=Ey+E,  =E, (3)

Pt = Piylz = qus = q =Py + Pa_y. (4)

Writing out the components of the products’ four-
momenta one has

P} = Ey P} =Es,

Py =pysinOycos¢p Py =—pysinfs_cos
P} = pysinfy sin ¢ Pi_l = —pa_1 SinOy_; sing
P} = pycosOy P | = pa1c0sB, ;. (5)

where 6y and 64_; are the angles of the hadronic
products with respect to the 3-axis (direction of q),
and ¢ is the angle between the plane defined by the
nucleon momentum py and the momentum transfer g
and the leptonic (13) plane. From Egs. (4) and (5) we
have that

1
SineA_l = —PDN Sin9N
Pa-1
1
cosby_ = (g — pycosOy), (6)
Pa-1

and from conservation of energy, Eq. (3), one has
E,_, = E— Ey, where both products are on shell, i.e.,

Ey=+/py+m% and E,_; =+/pi, +W5_,, where

PHYSICAL REVIEW D 90, 013014 (2014)

Wa_1, as said above, is the invariant mass of the A —
1 daughter system.

Having set up the basic form for the semi-inclusive cross
section, let us next consider the problem in more detail
by discussing the general kinematical variables to be used
when studying X (v, £~N) and X (D, £ N) reactions in the
context of previous studies of X (e, ¢’N) reactions. We have
seen above that the cross section depends on a limited set
of kinematic variables. The leptonic variables are those
discussed above. The hadronic variables, in contrast, are
best transformed into other variables when treating semi-
inclusive scattering from nuclei. We see in the following
section that the dependences on the azimuthal angle ¢ can
be made explicit using the general Lorentz structure of the
hadronic tensor and so we can leave that variable aside. We
have the momentum transfer ¢ and energy transfer @ from
the leptonic side via the exchange of a single W, and so we
can use this pair or equivalently QO and v in other notation,
or 0% and x =|Q?/2myv in still other notation. That
leaves us with py and 6y, which are more conveniently
transformed into two new variables. While these sets of
dynamical variables are, of course, completely usable and
indeed natural from an experimental point of view, we see
in the following that alternative sets are more convenient
when studying the specifics of the cross section in the
regime of quasifree scattering.

From three-momentum conservation one has

Pa-1 =q—Py = D, (7)

where p is minus the missing momentum p,,, so that the
daughter energy becomes E,_; = Wf,_l + p?. This is
completely general and, in particular, is not dictated by any
specific model for the reaction. Clearly this momentum
merely characterizes the split in momentum flow between
the detected nucleon and the unobserved daughter nucleus.
From energy conservation and using the three-momentum
conservation relation, one has

Mg +w=Ey+Es; = \/q2+p2+2qp0059pq +m,2v

+4/ P+ Wi, (8)

with 6, being the angle between p and . Next we need
some energy variable to characterize the degree of excita-
tion of the daughter nucleus. A natural choice is the
excitation energy in the rest frame of the recoiling daughter
nucleus, E* = W,_; — W9_, > 0, where W,_, includes the
internal excitation energy of the A — 1 system while W9_,
is the smallest possible invariant mass of the A — 1 and
will be the ground state rest mass of this system MY_; in
most cases. By construction E* is greater than or equal to
zero—and equal to zero when the daughter nucleus is left
in its ground state. Using this one can obtain the so-called
missing energy
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E,=my+ W, —M =E,+E" )

where E;, = my + W9_, — MY is the separation energy (or
“Q value” ); another commonly used energy in the problem
is defined as the minimum energy needed to separate the
nucleus A into a nucleon and the residual nucleus A — 1
in its ground state. As we see below, we could now use
(E*, p) or (E,, p,,) in place of (Ey, 6y), although it may
be shown that still another choice for the energy is
preferable for certain purposes other than E*, namely,

SEEA—I _E104—1 207 (10)

where, as before, E,_; = /W3_, + p*> and now also
ES_, = /WY_,% + p>. This quantity does not differ much
from the excitation energy E* for p < W9_,, which is
typically the case; let us call it the “daughter energy
difference,” in contrast to the “daughter excitation
energy” E*.

Opverall, energy conservation yields an equation for £ in
terms of ¢, w, p and the angle 6,,,:

E=w—E,+my— \/mlz\,+p2+q2+2pqcosé?pq

— Wh_ 2+ p* + W, (11)

Thus there are clear relationships between the sets (Ey, 0y)
and (p, 0) and hence (&, p). Instead of the first set, we now
use the last set as a pair of dynamical variables.

With these preliminaries in hand let us discuss the
characteristic landscape of the coincidence semi-inclusive
cross section as a function of £ and p for fixed ¢ and @
(and of course fixed 8 and ¢). We have not yet required that
the kinematic relationships discussed above should be
satisfied, and when we do so, we find that only specific
regions are accessible. Noting that Eq. (11) yields a curve
of &€ versus p in the (£, p) plane for each choice of 6,,,, let
us see what constraint the requirement that —1 <cos@,, <
+1 imposes on the kinematics.

First, consider w small (to be specified completely
below) and plot the trajectory when cos 6, = —1. A curve
rising from negative £ to intersect £ =0 at p = pi, > 0
which peaks at some value of p and then falls to intersect
&€ = 0 again, this time at p = ppax > Pmin, 1S generally
obtained. All physically allowable values of £ and p must
lie below this curve and, of course, above £ = 0. To obtain
the other extreme, cos6,, = +1, one can simply replace p
by —p in Eq. (11); the physically allowable values of £ and
p must lie above this curve. For @ small, no physically
allowable values occur near the latter curve and the physical
region is completely defined by the cosf,, = —1 curve
and & = 0. Following past work [6] we call the minimum
value of momentum p,,;, = —y and the maximum value

PHYSICAL REVIEW D 90, 013014 (2014)

Pmax = +Y. The formal definition of @ small then becomes
“y < 0.” We can set £ = 0 in Eq. (11) and solve for y and
Y, yielding

1
¥(q.0) = 7oz |(MY + @)y /A = W3_2W3 —qA]. (12)

1
Y(q.0) = 5 | (M3 +0) /A2 = WS_2W3 + g7 (13)
A
with
Wy = (Mg + w)z - qz’ (14)
1
A=W+ W2 = m}). (15)

A useful relationship is the following:

M+ 0= /(g +yP+mi+ 2+ W2 (16)

Noting that the quasielastic peak occurs—approximately—
at the kinematical point where y = 0, it is useful to use
Eq. (16) to define

vor =l =0) = |/ + - my} +E,

= [Q%el/2my + E;. (17)

Accordingly, @ small corresponds to y < 0, namely, to
@ < wgg. Finally, the equation for the upper boundary of
the allowed region (i.e., corresponding to cos 6, = —1) is
given by

.= \/mi+ (g9~ \Jmd + (- p)?

+\/W9\—12+)’2—\/W2—12+P2~ (18)

When the momentum transfer becomes very large, one can
show that this goes to the finite asymptotic limit

(C/‘ 500 — |: “70 2 2 HZO 2 2:| X
g—=00 Y \/ A-1" TP \/ A1 TY

Henceforth, instead of the sets {q,w,Ey,0y} or
{Q*, Q- P4, Py Py, Q- Py} we use the set {q,y,&,p}
to characterize the general two-arm coincidence cross
section. In particular, the response functions to be intro-
duced later are all functions of these four variables together
with ¢.

In Fig. 2(a) we show families of curves of £_ versus p for
specific values of ¢ and y < 0. The physical regions lie
below these curves and above & =0 for the chosen
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€ g and o fixed e qand @ fixed
(a: y<0) (b: y>0)
€
0 p p
0 -y Y

FIG. 2 (color online). Planes defined by the daughter energy
difference £ and the missing momentum p, showing the allowed
region for semi-inclusive neutrino-nucleus scattering processes.
(a) For y < 0, i.e., w below the quasielastic peak. (b) For y > 0,
i.e., @ above the quasielastic peak.

kinematics. Clearly, by imposing these kinematic con-
straints on the semi-inclusive cross section it is possible
to see what features of the dynamics are or are not accessible
in the y < 0 region. Note that even when ¢ — oo only a
limited part of the dynamical landscape is accessible. Also
note that inclusive scattering corresponds to integrating over
the entire accessible region for ¢ and y (or equivalently w)
fixed, and summing over the allowed particle species
(N = p and n), and correcting for double counting by
subtracting the cross section where both a proton and a
neutron are detected in coincidence with the charged lepton.

These developments can be extended rather easily to the
 large region, which becomes equivalent to y > 0 and
hence to @ > wyg. Again the curves of & versus p when

cos®,, = *1 define boundaries. The cos8,, = —1 curve
(namely, £ = £_ above) is much as before, except that now
Pmin 18 negative and S0 y = —p,,, i8S positive. Reflecting
p — —p to obtain the cosf,, =+1 curve from the
cos 8,, = —1 curve as before now yields a nontrivial result:
the physically allowable region must lie below the
cos®,, = —1 curve and above the cosf,, = +1 curve,

and since the latter lies in the quadrant where £ > 0 and
p > 0, this provides a new boundary, namely, £_ obtained
from Eq. (18) by changing p to —p. In Fig. 2(b) results
similar to those in Fig. 2(a) are shown, except now for y > 0.
The physically accessible region in each case lies above the
lines extending from p =y to the £ axis and below the
curves extending from the £ axis to peak at some value of p
and fall again, eventually intersecting the £ =0 line at
Pmax = Y. Again we see that only specific parts of the semi-
inclusive cross section are accessible for these kinematics.

The merit of transforming to the (&, p) variables is that
these are best suited to characterizing the nuclear dynamics.
The most important contributions of the semi-inclusive
cross section, as studied to some extent via reactions, lie
at relatively small values of &£, where one typically finds
distributions as functions of p that reflect the shell structure
of the specific nucleus being studied. For instance, in a
simple shell model of the nucleus one sees features that
reflect the knockout of nucleons from the valence shell, the
next-to-valence shell, etc. These fall relatively rapidly with

PHYSICAL REVIEW D 90, 013014 (2014)

increasing p. Unfortunately, however, such simple models
are not adequate and one also requires overall suppression
of these “momentum distributions” by factors of typically
30% via the so-called spectroscopic factors. Also from
past studies one knows that some of this “missing strength”
is moved to higher values of &, partially through standard
nuclear interactions which make both initial and final
nuclear states complicated. Said another way, the states
involved are undoubtedly not simple single Slater determi-
nants. Also, the NN interaction has both long- and short-
range contributions, and especially the latter can promote
strength to higher £ and p. Something like 20%—30% of the
strength is known to reside in this part of the landscape,
although the actual amounts are not very well determined.
In between the two regions one has other likely issues to
deal with, namely, the fact that there are several open
channels to be considered and these can conspire via
channel coupling to produce the true final many-body state.
An example is when a nucleon is ejected from a deep-lying
shell model state: for typical kinematics it is also possible to
have two or more nucleons ejected, and these channels can
couple, yielding a very complex situation. Such issues are
very hard to treat, especially in a relativistic context as is
required for typical studies of neutrino reactions.

III. GENERAL ELECTROWEAK TENSORS

The cross section takes on its characteristic form
involving the contraction of two second-rank Lorentz
tensors, do ~n,, W, corresponding to the leptonic and
the hadronic contributions which are thus factorized and
dealt with independently. The leptonic tensor is defined as

N = 2mm' Y jiji (20)
if

where a factor 4mm’ (merged here with an additional factor
1/2) has been included to compensate spinor norms later
on, the lepton masses being kept finite until the end of our
developments. Its hadronic counterpart is

W EZJ,’;M (@), (21)

where the operations ) ;. in the two cases correspond to
sums and averages over the appropriate sets of leptonic
quantum numbers (the helicities, in fact) or hadron quan-
tum numbers (helicities or spins, etc.) and integration over
all unobserved particles in the final state of the A — 1
system for hadrons. It proves useful to decompose both
leptonic and hadronic tensors into pieces which are
symmetric (s) or antisymmetric (a) under index interchange
u<>v, since in contracting them no symmetric-antisym-
metric cross terms are allowed. Both tensors can thus be
decomposed as 1, =1, +nj, and W = W + Wy,
where the terms are defined as

013014-5
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(77;41/ - 77144);

| =

A 1 a
May = B (’7;41/ + ’71/”); My =

—_

1
W= LW W = (W), (22)

[\

Clearly one has that 75, = n,, and W§* = W# whereas
4 = Wi =0 (no summation over y implied in these
expressions). In addition, since each tensor is proportional
to the bilinear combinations of the electroweak currents
in the forms #,, ~ j,j, and W¥ ~ J#*J¥ one has that
My = My and W = W™ and thus that

”Zu = iImr];w;

WA = ilmWH . (23)

77;;1/ = Rer];w;
WH = ReWH;
Let us begin by defining the following (real) symmetric

(no prime) and antisymmetric (prime) hadronic response
functions:

W =ReW” = w0, (24)
WCL = 2ReW® = 2W%, (25)
WEL = ReW?? = W33, (26)

WT =ReW? + ReW!' = w2 + W', (27)

WIT = ReW?? — ReW!! = w22 — !l (28)
WTC = 2v/2ReW?! = 2v/2W9!, (29)
WL = 24/2ReW?! = 2v/2W3!, (30)

WIT =2ReW!? = 2W!2, (31)
WIC = 2v2ReW = 2/2W%2, (32)
WIL = 2v/2ReW? = 2v/2W32, (33)

W' = 2ImW'2 = 2iw2, (34)
W€ = —2/2ImW = 2v2iW2, (35)
WL = —2/2ImW32 = 2v/2iW32, (36)
WEL = ImW® = iw®, (37)
WIC = 24/2ImWO! = —2/2iW9!, (38)
WIL = 24/2ImW3! = —2/2iw3!, (39)

Here C refers to charge (the 4 = 0) projection, L refers to
longitudinal (momentum transfer direction, 4 = 3) projec-
tion and T refers to transverse (u = 1,2) projections.
Concerning the latter, the meaning of the combinations

PHYSICAL REVIEW D 90, 013014 (2014)

used above can be elucidated by introducing the spherical
components of the transverse projections of the hadronic
current, defined as

1 1
JO) = — (I i), T =— (" =is?); JO=7,

ﬁ( ) ﬁ( )

(40)

or inversely,

1 i
J' = —— (gD — g(=1)y. J? = — (J&D 4 g=Dy.

ﬂ( ) ﬂ( )
J =70, (41)

With these definitions, and using the notation W) for
the spherical vector components (m, m’ = {+1,—1,0}) of
the hadronic tensor, one can rewrite the responses that
contain transverse projections as

wl = W(+1+1) 4 W(—l—l)’ (42)
WTT = 2ReW+1-1), (43)

WTL = —2Re(W(O+D) — w(O-1), (44)
WIT = 2Imw(+1-1), (45)

WIL = 2Im(WO+D 4 w(0-1)), (46)
Wl = Wi+ _ =11, (47)
WL = —2Re(WOHD + wO-), (48)
WIL = 2Im(WO+) — w(0-1)), (49)

It is thus clear that the T response, being an incoherent
sum of circularly (or linearly) polarized responses, is the
unpolarized transverse response, whereas the 77T response
contains the information needed to specify the linear
polarization information [more clearly seen in Eq. (28)].
The T’ response, on the other hand, gives the additional
information needed, together with the T response to specify
the circular polarization.

Equivalently to the hadronic case, the corresponding
symmetric (no prime) and antisymmetric (prime) leptonic
quantities may be defined as

voV e = Rergy = oo, (50)
voVer = Rengs = 135, (51)
vV = Renzy = 33, (52)

[u—

(Reny, + Renyy) =

voVr = (122 +m11), (53)

2

N[ =

013014-6
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1 1

vO‘A/TT =3 (Reﬂzz - Re’hl) = (’722 - ’711)’ (54)

2 2
1% ' r Lo (55)
v =—Reny = —=n,,
oVrc \/f o1 \/57101
A 1 I
voVr = ﬁRerhl = ﬁ’?ép (56)
voVrr =Renp, = 15, (57)
N 1 [N
UOVZC = 7§RCI’]02 = E”]OZ’ (58)
N 1 [
voVrL = ﬁRe%z = ﬁ’?ézv (59)
ooV = Imyy, = —in,. (60)
N 1 .,
voVre = %Imﬂoz = —Emoz’ (61)
A 1 [N
UOVTL’ = 7§Im1732 = —7§lﬂ32, (62)
voVer = —Tmygy = inds, (63)
N L.,
UOVZC’ = - ﬁlmf’]m = % 17]01 s (64)
A .,
vV = —7511117731 = 72”7311 (65)
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where the overall factor v, is defined as
vy = (e+¢€)*—q* (66)

The results found here are completely general; they are
simply a convenient rewriting of the original components of
the leptonic and hadronic tensors where the projections
along the momentum transfer direction (L) and transverse
to it provide the organizing principle.

A. Leptonic tensor

From the definition in Eq. (20) and employing the
conventions of [5], we form the general leptonic tensor
involving neutrinos and negatively charged leptons—Iater
it is straightforward to extend the results to include
antineutrinos and positively charged leptons:

MK K) = mm'S" (K. ) avy, + angrs)u(K'. )

5.8

X (K. s')(ayy, + asy,rs)u(K.s),  (67)

which includes the sum over final spin states and the
average over initial spin states, the latter implying a factor
1/2. In the standard model the charged-current vector
and axial coupling constants take the values ay = 1 and
a, = —1, which yields the usual form of the vertex
7,(1 —7s). Upon eliminating the spinors using traces
one finds

1
N (K", K) = 2 ATrlayy, + axrys|(K' + m')lavy, + aarrs| (K +m)}

1
2 {ayTely, (K" +m")y, (K + m)](1) + a3 Tely,rs (K +m)y,rs(K + m)](z)

Fayan(Tely, (K m)y,75(K 4+ m)] ) + Telyrs (K m' Yy, (K +m)] )} (68)

The traces can then be expressed as

1
1 Tr[](l) =K,K, +K,K, - g, (K-K —mm'), (69)

1
1 Tr[]m =K,K, +K,K,—g,,(K-K +mm'), (70)

1 1 . "
Z TI‘H(:;) = ZTT[](4) = _lg;w(lﬂK K/ﬁ (71)

Cases (1) and (2) are symmetric under the interchange
of u with v, while cases (3) and (4) (the VA-interference

|

terms) are antisymmetric. Note that if studying reactions

with an incident or outgoing massless leptons (m = 0 or

m' = 0), then cases (1) and (2) yield the same answer.
We introduce the following definitions:

w
v=—, 72
7 (72)

fegd q
= =1-1% = , 73
P q2 4 P 8+8, ( )

!

5=—1 5= (74)
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tan29/2 = = = : (75)

In terms of the angle 0 the quantities Q% and v, [the latter defined in Eq. (66)] can be written as
Q% = —4ee'sin?0/2, (76)
vy = 4ee'cos26/2. (77)

Using the previous definitions the components of the leptonic tensor as defined in Egs. (50)—(65) give rise to the following
expressions:

N 1 b

Vee =5{(ay +a3) = [a}(6 = §)° + a3 (6 + §/)]tan’0/2}, (78)
~ Loy 5 o ooy o3
VCL = —z(av—i—aA) IJ—;(& —5 )tan 6/2 5 (79)

Vi = % {(azv +a) [ﬂ - % (v — pp' (8 — 52))(8* — 5/2)tan2é/2} a2 (65— 8) + 35+ 5/)2}tan2é/2}, (80)

N 1 1 ~ 1 ~ ~

Vi = 5 (a% + af‘){ {Ep + tan29/2} + (; (62 —68?) - Ep(éz - 5’2)2> tan26'/2} — (a3 — a})68'tan’0/2, (81)
N 1 1 v 1 ~
Vir =3 (@} + )] =30+ (487 =50 = 57) 4 30007 = 7wt 2 (2)
Vie = —l(a2 +a2)itané/2x l—1[(52+5’2) L& -e7) +lp(52—6’2)2} tan2 /2 v (83)
TC 2 |4 A p/ 2 p p/ 2 ’
[
Vi = ~(v=pp'(6° - 5/2)>‘7TC7 (84) VZC’ =0, (92)
Vir =0, (85) Vi =0. (93)
Vie =0, (86) Within these 16 factors, 10 of them are symmetric and 6 are
- antisymmetric. Under the conditions in this work, 6 of them
Voo—0 37 vanish, namely, the ones with an underlined subscript
L = (87) (see [4] for processes where they do not); the rest reduce
! to the following expressions in the extreme relativistic limit
Vp = ayay 7 (1+2p' (8% = &?))tan’0/2, (88)  (ERL), defined as \A/KEAL% (a}, + a3)vg for the symmetric
ones (no prime) and as \A/K/ER%LaVaAvK/ for the antisym-
Vic = —aya, tan0/2 metric ones (prime):
1 1
X {5—; [(52 +67) —5(52 -5?) vee = 1, (94)
1 . V)
+ 0@ - 5’2)2} tan29/2] , (89) Ve = v, (95)
N N _ 2
Vip =-vVre, (90) L= (%)
1

Ve =0, (91) vr =5p+ tan?0/2, (97)

013014-8



SEMI-INCLUSIVE CHARGED-CURRENT NEUTRINO- ...

1
Urr = —EID, (98)
1
Vre = —\/.Tp,tanﬁ/l (99)
Ut = —VVrc, (100)
vy = tan0/24/ p + tan%6/2, (101)

‘A/L = ‘A/CC + 21/‘7CL + I/ZVLL

2

whose corresponding ERL factor is v; = p*. Also, the T
and TT terms are simply related:

1
Ve +Vrr = 5{(a} + a}) + [a} (6 - 5)?

+ d3 (6 + &)%) }tan20/2. (105)

Finally, one can easily complete the leptonic develop-
ments by going to the start and replacing the u spinor by v
spinors so that the leptonic tensor for antiparticles can be
obtained. The final result is that upon contracting the
leptonic and hadronic tensors (see Sec. IV) the VVand AA
terms are as above, while the VA interference changes sign.

B. Hadronic tensor

Among the various components of the hadronic tensor
defined above, only some of them occur, which can be
deduced from the general developments of the hadronic
tensor as it is constructed from the available four-momenta.
The reaction of interest here is semi-inclusive scattering
where, as we have seen in Sec. II, at the hadronic vertex one
has incoming momentum transfer Q" and the nuclear target
momentum P’ . In the final state one has the momentum of
the detected nucleon PY, together with the residual nucleus’
momentum which can be eliminated using four-momentum

conservation: Py _; = Q* + P/, — P/, Six invariants can be
constructed:

L=0% 6L=0-Py L=0-Py;

Iy=P,-Py; Is=Pi=M}% I¢=P;=m3. (106)

of which the first four are dynamical variables, whereas the
last two are fixed by the target nucleus and nucleon masses.
Accordingly, all invariant structure functions depend on the
four dynamical invariants /;, i = 1,...,4. They can be
expressed as

I =0*—¢* <0, (107)
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1
tan /2,

vre === (102)

VUrp = —VVpcr. (103)

Itis worth noticing that the following combination is useful
when discussing conserved vector current (CVC) terms:

1 2 - 1 .
— (2 +a) {pZ +up [; (8 - 5’2)] (8% - 5’2)tan29/2} —3la} (687 + ai(5+8)pan’0/2.  (104)

I, = Mo, (108)
I; = wEy — gpy cos By, (109)
I, = MYEy. (110)

Next one can write symmetric and antisymmetric had-
ronic tensors as functions of the three independent four-
momenta Q¥, P and Pj. In fact, it proves to be more
convenient to introduce projected four-momenta to replace
the last two, namely,

wedlm- (o]
A
regilie (el

where then Q- U = Q -V = 0. Also, to keep the dimen-
sions consistent in the developments below, let us introduce
a dimensionless four-momentum transfer

=2
VI’

The symmetric hadronic tensor may then be written

(113)

WY =X g +X,0" 0" + X3 UM UY + X4 (Q" U + UM Q")
L XSVEVE —l—Xf,(Q”V”-l-V”QU) + X5 (UFVY 4+ VEUY),
(114)

where X;, i =1,...,7 are invariant functions of the
invariants discussed above. These seven types of terms
arise from VV and AA contributions. Likewise, the
antisymmetric tensor can be constructed from the basic
four-momenta
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Wi = i{Y (Q"U" = U* Q") + Y, (Q" V¥ = V¥ Q")
+ Y5 (UFVY = VEUY)+Z, e Q, Uy + Z2e"* Q, V5
+ Z3eP UV}, (115)

where again Y; and Z;, i = 1, ..., 3 are invariant functions
of the invariants above. The terms having no &%’ namely,
the Y; terms (as well as the X; terms, as said above), arise
from VV and AA contributions, whereas those with ®#,
namely, the Z; terms, come from VA interferences. Note
that for inclusive scattering where one does not have V* as a
building block, only terms of the X, X», X3, X4, Y and Z;
type can occur.

For a conserved vector current (CVC) situation such as
seen here for the VV terms or for purely polar-vector
electron scattering, the continuity equation in momentum
space requires that

Qu(Wlsw)vv = Qﬂ<WZD)VV =0. (116)

For the symmetric tensor this contraction removes the
terms with X3, X5, Y3, Z;, leaving the conditions

(=x1" +x7")0"

FXYYUC XYYV =0, (117)

YYWVur+vyvve =0, (118)
where no terms with &% can occur in a V'V situation, i.e.,
zYV =2ZYV =7ZY¥V =0, as noted above. Since the basic
four momenta are linearly independent of each other, the
coefficients above must all be independently zero, namely,
X}/V _ X%/V — XXV XVV YVV YVV 0.
Accordingly, one has

Wy =t |g - EZ | xprow

+ XVVveve 4 XYV (URVE 4 VRUY),  (119)

(W2 vy =YYV (UFVY — VIUY). (120)
For instance, in semi-inclusive electron scattering the
symmetric terms lead to the standard L, T, TL and TT
responses, while the antisymmetric term which becomes
accessible with polarized electron scattering yields the 7L’
response, the so-called 5th response [3,4]. For the other
cases, the AA and VA responses, there is no further
simplification in general. The resulting number of contri-
butions of each type is summarized in Table I for semi-
inclusive and for inclusive scattering, the latter arising from
integrating the semi-inclusive contributions. For the semi-
inclusive case of interest here, they form the functions
X, Y, Z; as follows:
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TABLE I. Number of electroweak responses in semi-inclusive
and inclusive processes, classified according to their properties
under spatial inversion (VV, AA, and VA) and index interchange
(symmetric and antisymmetric).

Semi-inclusive Inclusive

Type Sym A-sym Sym A-sym
\'A% 4 1 2 0
AA 7 3 4 1
VA 0 3 0 1

X, :va—i—XAA Y, =YM

X =X{V+Xx34  v,=v

X3:X¥V+X/3*A Y3:Y¥V+Y§‘A

X4 = XQ‘A Z, = ZVA

X5 :X;/V—i—Xg‘A Z, = ZVA

X = XéA Z; = Z¥A

X7 =X}V + X404, (121)

Upon using the kinematic variables in the laboratory
system discussed in Sec. II, in particular, Egs. (72), 73),
together with the following definitions:

nr EﬂsinQN, (122)
my

1
H=—[Ey —vpycosfy],

- (123)

the hadronic response functions defined in Sec. III can be
written as

1
WEE = {021 + o + s + 2K X

+2\/pvHXs + 2HX7}, (124)
2v
Wk = p {pX2+X3+f< +u)x4
+H2x5+f< +u>HX6+2HX7} (125)
1
W?L = p—z{—ple + ,0X2 + 1/2X3 + 2\/,51/X4
+ VPH?X5 + 2\/pvHXg + 20°HX7 }, (126)
W? = —2X1 + XS’?%" (127)
WIT = —Xsn% cos 2¢, (128)
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W€ = i’?T{HXS + VpvXe + X7} cosp, - (129)
WIL = KnT{yHXS + /pX¢ + vX7}cosp,  (130)
WE' = Xqnp3 sin 2¢), (131)
Wwi€ = inT{HXs + X+ X, sing,  (132)
Wit = iqT{nys + /pXg + X7} sing,  (133)
wl' = \/Lﬁ{z1 +HZ,}, (134)
;2 .
Wi = 7\/_’7T{ (VprY, + Y3)sing
+ (\PZy + vZs) cos ¢}, (135)
WZL/—KWT{ (VPY2+vY3)sing+(\/pvZy +Z;)cosg},
(136)
: 1
wet = —7[,){1/1 + HY,}, (137)
Wwic _2V2
a anT{(\/_sz—f—Y3)cos¢+(f22+u23)sm¢}
(138)
WZL —¥77T{(\/7Y2—|—Z/Y3)C0S¢+(\/_Z/ZZ+Z3)SII1¢}
(139)

Note how the explicit dependence on the azimuthal angle
¢ emerges: one has pairs of symmetric contributions,
namely, TT<TT, TC<~TC, and TL<>TL, where a cosine
is replaced by a sine, as well as pairs of antisymmetric
contributions, namely, TC'<>TC" and TL'<>TL’, where a
rotation is involved. Also note that, while these constitute
the complete set of semi-inclusive responses, in fact none
of the underlined cases enter when combined with the
leptonic factors obtained above, since the latter are all zero
[see Egs. (78)—(93)].

IV. CONTRACTION OF TENSORS
AND CROSS SECTION

The contraction of the leptonic and the hadronic tensors
arises from the application of standard Feynman rules to
the evaluation of the cross section of the process under
study here; it is an invariant, taking the same form in the
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laboratory, in the center of momentum, or in any other
system of reference. As mentioned in Sec. III, the sym-
metric and the antisymmetric components of the leptonic
and the hadronic tensors can be contracted separately since
no cross terms are allowed:

voFy =, W =i, WE + i, Wa', (140)
where y =1 for incident neutrinos, as obtained in
Sec. Il A, and y = —1 for antineutrinos, as can be easily
shown with the same formalism but using antiparticle
spinors v in Eq. (67). In Cartesian components the
symmetric and the antisymmetric contractions above yield

e WE = nfg WP +2p5, WS + 5, W+, Wi + 5, W22
+ 203, WO+ 2195 W3 + 2175, W2

+277§2W§2+217§2W§2, (141)
q,‘ij’f,” = 2103 W + 2’781W21 + 2173‘1W21
205, WoZ + 20, Wor + 20, W2, (142)

which, according to the developments of Sec. III, can be
expressed as

15, W5 =RengoReW™ + 2Reng;Re W + Renz;Re W
+Ren; ReW!! +RenyReW? + 2Reny ReW?!
+2Rens ReW3! 4- 2Rern,Re W + 2Ren;,Re W32
+ 2Ren,ReW 2, (143)

_77;[5» WZD = 21m1103 ImW03 + 2111’1]’]01 ImWOl + 21m173 1 ImW3 1
—|—2Im17021mW02 + 21m17321mW32 + 21m1112ImW12 .
(144)

Finally, in terms of projections with respect to the
momentum transfer direction, the contractions read
M We = vo{[VeeWEE + Ve W + V7, WEE
+ VoW 4 Vi WIT 4 Vi e WTE 4 Vg WL
+ [Ver WIT 4+ Ve WEC + Vi WELTY, (145)

vo{ VoW + VyeWTC 4+ Vi WIH]
[V WEE + Ve WIC 4+ Vi WILTY, (146)

a HY
rl/wwtl -

where the hadronic responses contain all the VV, AA,
and VA terms applicable to each of them, as shown in
Egs. (121).

In any of the above representations the symmetric con-
traction involves 10 terms and the antisymmetric one

013014-11



MORENO et al.

involves 6 terms, for an expected total of 16 terms. From the
tensor contractions above, the matrix element of the process
is [see definition of the leptonic tensor in Eq. (67)]

2 nn2
G~ cos” 6.0 72
2mm’ x

M, = (147)
where G = 1.166 x 10~ GeV~? is the coupling constant of

the weak interaction, cos 8, = 0.974 with 8, the Cabibbo
|

d Gzcoszec mNWA_l Vg
o, =
X 2(27[)5 kglENEA_l

This form is exact in the cases where the A — 1 system is in
a bound ground state or a long-lived excited state. In other
cases this form assumes that the wave function of the A — 1
system can be factorized into center-of-mass and relative
wave functions, which is not, in general, true for relativistic
wave functions. However, since the momenta available
to the A — 1 system will generally be of the order of the
Fermi momentum and the masses of the undetected frag-
ments will tend to be large, the nuclear system will
generally be treated nonrelativistically and the factorization
of the wave function will then be exact. Upon integration
over the unobserved residual daughter nucleus momentum
Pa-1 and energy E,_;, one gets

do, _ G?cos?0. myWa_; pyku,
dkdQudQ, — 2(2z)° MY ké'Fre.

F7. (149

where W,_; is defined so that f = 0, with

f=e+Mi—¢—(pf+my)

— (g% + pX —2qpycosOy + Wi_)V2. (150)

This equation is a rewriting of the energy conservation
condition stated in Eq. (8). From the function f one also
obtains the recoil factor F,. as

_ ENEA—I
rec M%pN

of
dpn

(151)

_'1 C()pN—qENCOSQN
Mgl’zv ‘

When ERL applies, the cross section in Eq. (149) becomes

doyery  GPcos’0, myW,_y pyecos?(6/2)
de'dQudQ, ~— 167° MY Frec

2.
(152)

V. CONCLUSIONS

In this study we have presented the general formalism for
semi-inclusive charged-current neutrino-nucleus reactions,
i.e., those processes where neutrinos (antineutrinos)

FrPK Ppnd®pp_16°(K + Py — K' — Py_y — Py).
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angle accounting for the misalignment between the strong
and the weak hadronic eigenstates, v, was defined in
Eq. (66), and, as said above, y = +1 for neutrino and
y = —1 for antineutrino scattering.

We then evaluate the coincidence cross section of
the processes 4 X(vy, £N)A7'Y or AX (0, £ N)A7'Y in
the laboratory system [see [4] for the procedures for the
analogous case of (e,e’N) reactions]. Using standard
Feynman rules we get for the cross section,

(148)

I

interact with a nuclear target, and in addition to the
final-state lepton (antilepton), one assumes that some other
particle is also detected in coincidence. Such processes are
called semi-inclusive reactions to contrast them to inclusive
reactions where only the final-state lepton is detected. The
features summarized below highlight the generality of this
formalism. We note the following:

(i) The masses of the incoming and outgoing leptons
are kept; viz., no extreme relativistic limit has been
invoked. Although for typical kinematical situations
the impact is limited when considering scattering
of active neutrinos with production of electrons or
muons, it becomes relevant for tau production, and it
can also be easily extended to study massive sterile
neutrino interactions with nuclei.

(i1) The scattering of both neutrinos and antineutrinos is
considered, differing just in the sign of the anti-
symmetric tensor contraction contribution to the
matrix element of the process.

(iii) No assumptions are made on the hadronic target, on
the particle emitted and detected in coincidence, or
on the state of the residual, undetected hadronic
system after the emission. In particular, the latter can
be in an excited bound state or be partially or totally
unbound, as long as charge and baryon numbers are
conserved.

(iv) The detailed characterization of the semi-inclusive
neutrino cross section is organized in a form that
makes it easy to understand as a straightforward
generalization of the well-known formalism for in-
clusive [3] and semi-inclusive [4] electron scattering
cross sections, as well as for inclusive neutrino
reactions [7]. Indeed, the purely vector semi-inclusive
neutrino responses are the same as the corresponding
isovector electron scattering responses, viz., because
of CVC. Two forms are given for the general response
structure of the cross sections, one in terms of
chargelike, longitudinal and transverse projections
of the electroweak current (the W's of Secs. Il and IV)
and another in terms of invariant structure functions
(the Xs, Y's and Zs of Sec. III).
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)

(vi)

(vii)

(viii)

(ix)

Using the basic symmetries in the problem (angular
momentum, parity and four-momentum conserva-
tion) we have isolated the general dependences on
the azimuthal angle ¢. For instance, even without
detailed modeling, one can see how specific inter-
ference terms in the response change sign when
going from ¢ =0 to ¢ = z. One should be clear
that such interference contributions are intrinsic to
the basic semi-inclusive electroweak reaction and
must be modeled. They are not, for instance,
present for inclusive reactions, and indeed, the
modeling typically used in studies of the latter are
often quite inadequate when studying semi-inclusive
scattering.

The general semi-inclusive response is organized
into symmetric and antisymmetric contributions,
and contributions that are purely vector (VV), purely
axial-vector (AA) and VA interferences. For such
processes, of the 16 possible response functions, the
6 underlined contributions [see Egs. (145), (146)]
do not enter for CCr reactions, leaving 10 distinct
contributions to the semi-inclusive cross section.
These in turn are built from the 17 invariant structure
functions introduced in Egs. (114) and (115) (note
that the term containing Y does not contribute for
CCu reactions). In contrast, there are only 5 distinct
contributions to the inclusive cross section.
Furthermore, the semi-inclusive responses are all
functions of 4 kinematic variables, whereas the
inclusive ones depend on only 2 kinematic variables.
Of course, complete integrations over two of the
variables in the former yield either zero for some of
the interference responses or yield their inclusive
counterparts.

Ultimately, when specific models are considered and
when the neutrino fluxes commonly employed when
comparing with experiment are taken into consid-
eration, it will be necessary to integrate over the
neutrino energies involved with the fluxes as weight-
ing factors. Note, however, that this does not at all
mean that one reverts to the inclusive responses. In
fact, those integrations can be cast as line integrals in
the (&, p) plane, which are not simply related to the
complete integrations in that plane that would yield
the inclusive responses. Indeed, such integrations
leave averaged responses that depend on 3 kinematic
variables and the interference responses do not
integrate to zero.

Accordingly, the demands being placed on modeling
the coincidence reactions are much greater. Where
crude models such as the relativistic Fermi gas
model may be acceptable for studies of inclusive
scattering (to the extent that errors of perhaps 30%
are viewed as acceptable), for semi-inclusive studies
many of the models being employed are certainly
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inapplicable, since they are incapable of predicting
even roughly the correct (€, p) dependence of the
cross section.

Furthermore, neutral-current neutrino weak interactions
can also be described by the formalism in this work upon
integration over the outgoing neutrino variables. This
inclusive u channel results in nonvanishing responses in
general, in contrast to inclusive 7-channel reactions where
integration over the momentum of the ejected particle
(of course, consistent with four-momentum conservation)
causes the responses dependent on the angle ¢ to vanish
(see the discussion in [8]).

As stated above, the formalism has been kept entirely
general and any type of coincidence reaction can be
represented in terms of the response functions introduced
in this work. However, to make the formalism clearer, we
have focused on the case where the particle detected in
coincidence with the final-state muon is a nucleon. In fact,
in practical situations this is likely to be a proton so that the
semi-inclusive reactions of interest will typically be of the
type 4X(vy, £~ p)4~'Y and 4X(0p, £ p)5=lY. A general
differential cross section is given, from which a variety of
integrations can be performed; we do so over the residual
daughter nucleus variables, assuming that the incoming
neutrino energy is known, to produce a differential cross
section suitable for Monte Carlo generators. In practical
situations, however, the energy of the incoming neutrinos
lies within a rather wide range, connecting to a variety of
possible dynamic regimes in the nuclear target. This is the
reason why we introduce in this work the excitation energy
and the momentum of the residual system as hadronic
kinematic variables. For given (measured) conditions such
as the final lepton and emitted nucleon momenta (both
magnitude and direction, or angles), a range of incoming
neutrino energies translates into a curve in the (€, p) plane
that reveals which nuclear dynamics are most relevant for
the process, for instance multinucleon versus one-nucleon
emission. Some care has been taken in providing the
interconnections between the “experimental” kinematic
variables (energies and momenta of the detected particles)
and the “nuclear” kinematic variables, p and &, since the
response of the nucleus is a rapidly varying function of
the latter.

Our plan for work already in progress is to study specific
reactions involving particular nuclei. In doing so, it is
clearly essential to understand where the dominant regions
in the (&, p) plane lie to be able to predict the semi-
inclusive (and also inclusive) neutrino cross sections with
sufficient confidence.
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